Stochastic response of a plate on the generalized foundation driven by random excitation is solved in this paper. Governing differential equation is obtained by employing the Galerkin method. The generalized harmonic function technique is applied to the governing equation of motion. Using the stochastic averaging method (SAM), the system is approximated by the time homogeneous diffusive Markov process. Corresponding approximate stationary probability function is achieved by solving associated FokkerPlank-Kolmogorov (FPK). An analytical solution is presented for the stationary probability of the amplitude and velocity. Validity of the stationary probability is verified by Monte-Carlo simulation. Parametric study is carried out to investigate effects of foundation parameters and excitation intensity on the stationary probability function. It is found that the fractional properties act similar to the foundation stiffness and damping and can be employed as a new control parameter for the support design.
Introduction
Fractional calculus has ancient history over 300 years but has been limited to the pure mathematics until new decades. In recent years an increasing interest to the fractional calculus is observed, because of its various applications in physics and engineering [1, 2] . One of the active branches of fractional calculus is addressed to the material science. Fractional calculus is widely used nowadays in modeling of the viscoelastic fractional material applicable in damping elements in structural and bio applications [3, 4] .
A plate resting on a viscoelastic foundation can physically model a broad range of engineering problems from runways and slab/panel elements in structural and vehicle engineering to tissue modeling in biomechanics. Free vibration of plates on the generalized nonlinear viscoelastic foundation was analytically studied by Younesian et al. [5] . However, in many real cases, the plate is subject to harmonic or random excitation. In such cases, any kind of geometrical or material nonlinearity in presence of random excitation imposes high complexity to obtain analytical or even numerical solutions. Xu and Cheung [6] have extended averaging method to strongly nonlinear systems. Stochastic averaging of a SDOF system under combined harmonic and noise excitation was analyzed by Lal and Singh [7] . Response and stability of a SDOF system subjected to wide-band random excitation were studied by Huang et al. [8] . Zhu et al. introduced a modified stochastic averaging method by use of the energy balance method [9] . Li et al. [10] numerically studied dynamic stability of a column with fractional derivative by use of the averaging method. Spanous et al. presented a standard formulation for modeling vibration of systems with frequency-dependent parameters and fractional properties [11] . They developed a linearizationbased solution to a stochastic nonlinear fractional equation to analyze nonlinear random vibration of a beam with fractional properties [12, 13] . Wahi and Chatterjee studied effect of the delay and fractional derivative terms in oscillations of a resonator [14] . Yang and Xu used stochastic averaging to investigate the effects of fractional parameters on the output voltage of an energy harvester with fractional damping [15] .
In another parallel research line, other researchers have concentrated on the fractional systems under random 2 Mathematical Problems in Engineering excitations. Huang and Jin [16] employed the stochastic averaging and generalized harmonic functions procedure for a SDOF strongly nonlinear oscillator under Gaussian white noise excitations; they found that the order of fractional derivative has a significant effect on the response of system. Response of a strong nonlinear oscillator [17] , its reliability function [18] , and its stochastic/asymptotic stability [19, 20] have been studied by Chen et al. They could separate fractional derivative into the equivalent quasilinear dissipative force and quasilinear restoring force [21] . Yang et al. studied the stationary and stochastic response of nonlinear system with fractional derivative under white Gaussian noise input [22, 23] . Failla and Pirrotta presented a numerical method to calculate the response of a system under stochastic excitation based on the discretization of fractional derivative [24] .
Noise-induced bifurcation is an undesired phenomenon in stochastic system; In this regard, Sun et al. performed a stochastic sensitivity analysis for the probability response of a nonautonomous system and estimated the critical intensity of noise which leads to explosive bifurcation [25] . Chen et al. derived the amplitude probability density of a Duffing oscillator by the aid of stochastic averaging and by employing the corresponding FPK's equation. Then, they designed a fractional order PID controller in order to eliminate stochastic bifurcations, while the integer-order controller was not able to provide stable response [26] . Chen and Sun presented exact solution for FPK equation of nonlinear systems; they considered an exponential polynomial as the basic function for the response and by an iteration scheme, the basic solution was converged to the exact solution [27] . Yurchenko et al. introduced a suitable change of variable to a vibro-impact system with fractional damping under random excitation; and by use of stochastic averaging, amplitude of mean squared response was presented analytically [28] . Yang et al. obtained an approximate-analytical solution for a noisy vibro-impact system by employing nonsmooth transformation and stochastic averaging and studied stochastic bifurcation phenomena for such systems [29] .
In other side, remarkable research has been devoted to identify dynamic characteristics of the conventional plates under random loading. Lal and Singh studied nonlinear free vibration of laminated composite plates resting on elastic foundation with random system properties in thermal environment [7] . Free and forced vibration analysis for the Reissner-Mindlin plates on Pasternak foundation and Winkler elastic foundation were presented by Shen et al. [30] . Dynamic response for a shear deformable plate on two-parameter elastic foundation under transverse dynamic load has been solved by use of perturbation technique by Huang and Zheng [31] . Kostantakopoulos [34] . Reutskiy [35, 36] proposed a new methodology based on the combination of the two techniques: the method of external excitation (MEE) and the backward substitution method (BSM) to solve higher order fractional eigenvalue problems. Using statistical linearization-based approach, Malara and Spanos presented large displacement response of a plate with fractional damping nature subjected to random load [37] .
According to the reviewed literature, a plate on a foundation can be considered as the mathematical model of several practical problems. In this study, the model of foundation is considered to be the most general form (including fractional, general nonlinearity, and general damping). In such cases, due to mathematical complexity, there are very few reported publications on the context particularly when we have geometrical nonlinearity, fractional properties, and random excitation all together. In many practical applications, properties of the materials used as a foundation or vibration isolator are frequency-dependent. Therefore, conventional models such as Maxwell or Kelvin-Voigt are not accurate in such cases. We in this study show that how fractional characteristics can be applied for this purpose. The objective here is to provide a straightforward methodology to obtain a closed-form solution for a plate resting on one of the most generalized forms of viscoelastic fractional foundation. Presenting the integral-based closed-form solution, in this study, provides the computational platform for design engineers to calculate design parameters of the foundations based on the statistical pattern of the loading condition.
Apart from the methodology, questions about the effects of different material and geometrical properties of the foundation on the probability responses are answered. To this end, the averaging method and harmonic function are employed to solve the governing equation. Then the corresponding Fokker-Planck-Kolmogorov equation is derived and solved to achieve the probability function of the response. The drift and diffusion coefficients are found in a series form for the generalized foundation with fractional damping. MonteCarlo simulation is applied for a plate subjected to a random excitation and validity of the procedure is verified. Effects of the random excitation intensity, the fractional order and foundation parameters on the deflection response probability are examined.
Mathematical Modeling
The generalized form of nonlinear Duffing stiffness is represented by the following [38] :
where includes the linear and nonlinear stiffness coefficients. Corresponding governing equation of a plate motion on the foundation with generalized stiffness and damping is derived as Mathematical Problems in Engineering
where = ( , , ) is the transverse displacement, = ℎ 3 /12(1 − 2 ) denotes the flexural rigidity of the plate and , ℎ and are the Young's modulus, thickness, and Poisson's ratio of the plate, respectively. Also
and is the mass density of the plate material. At this stage, the Galerkin method is employed to solve the motion equation which suggests the following solution for a simple-supported plate [39] :
Substituting (3) into (2) and taking the main mode into account, the following equation is obtained:
in which
Solution Method
Back to (4), we consider the corresponding nonlinear system with fractional derivative damping subjected to stochastic excitation:̈(
where
in which 1 , 2 , and are the light damping coefficients, ( ) consists of the linear and nonlinear restoring force, and ( ) is Gaussian white noise with the following correlation function:
donates the fractional derivative operator and according to Riemann-Liouville's definition is represented by the following [40, 41] :
The most well-known, practical representations for fractional derivative operators are Riemann-Liouville (RL), Caputo, and Grunwald-Letnikov (GL) definitions. For many cases, it has been proved that these fractional derivative definitions are equivalent. Grunwald-Letnikov definition presents the relation in the form of a series and is more appropriate for discrete systems. Riemann-Liouville definition is widely used for calculations of analytical solutions in continues systems. Caputo definition can include the initial conditions of a problem in the same form of nonfractional problems; so it can provide a physical meaning for the initial conditions. In the present study, according to the nature of stochastic analysis and continuous modeling hypothesis, definition of RiemannLiouville is taken into account. The free conservative vibration associated with the system (6) is therefore represented by the following:
The response of system (6) is a nearly random spread of the system (10): therefore, by use of generalized harmonic function, the following form of response is assumed for the following solution:
, Φ, and Γ are the random process functions. By applying the generalized Van der Pol transformation from ,̇to and Γ, (11a) and (11b) yield to
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Since (12a) is independent from Γ, the Itô equation related to should be satisfied:
where ( ) and ( ) are the draft and diffusion coefficients:
in which ⟨.⟩ represents the average operator with respect to :
Since and Γ are slowly varying with time, ( ) could be approximated by the instantaneous frequency:
By use of (17) and averaging over the first term of (15), ⟨ 11 ⟩ is reduced to
Using the following asymptotic integrals
We can simplify (18) to
In the following step, is expanded to the Fourier series with respect to :
By substituting G i and 11 into (13) the averaged drift and diffusion coefficients are obtained as
The FPK's equation associated with (14) is therefore derived as
Since ( ) is a monotonic increasing function, the boundary condition for (23) should satisfy
Therefore, the stationary response of FPK's equation is
where is the normalization constant. Back to the main problem, corresponding potential energy for the generalized restoring force is given by
At this step, drift and diffusion coefficients can be extracted for the original system with (4). Using (1), the integral of (20) can be expressed as
where 1 = 2 . Using definition of h, i.e., (7) with the coefficients defined by (5), we have
=1,2,...,
By substituting (27) , (28) into (22), the drift and diffusion coefficients for the main equation are consequently obtained as ( = 1):
where 1 is obtained according to (21):
0 and 2 are calculated from the following approximation:
Using (11b) and (26), we have the following relation for V( , ):
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0 and 2 are then obtained from (31) and (33):
The stationary probability density function is obtained by substituting = −1 ( ) in the following relation:
in which −1 is the inverse of potential function. The joint stationary probability of displacement and velocity can also be obtained as
Finally, the stationary probability density function of displacement and velocity are obtained to be
and the stationary mean amplitude can be obtained by
Numerical Results
In this section, numerical results are presented and discussed for a case study. The aim is to show validity of the solution procedure and to provide a parametric study. The validation is performed by the comparison between the results from the present formulation and the results from Monte-Carlo simulation. Monte-Carlo simulation takes all of the parameters with uncertainty into account and presents the probability distribution for a parameter by performing the calculation over and over. By taking all of the calculated results for a desired parameter into account, the corresponding probability density or probability distribution can be achieved. . . = 0. Drift and diffusion coefficients are obtained for such a system according to the previous section. Stationary probability and expected value can be calculated from (38) and (39) . Figures  1 and 2 show the stationary probability density function of amplitude and velocity, respectively. The solid lines are correlated with the SAM and dots are outcomes of the MonteCarlo numerical simulation obtained from Figures 3 and 4 .
The displacement response and velocity response samples from Monte-Carlo numerical simulation are illustrated in Figures 3 and 4 . The joint probability density function between the deflection and velocity is illustrated in Figure 5 . A good agreement between the analytical proposed solution and those from numerical simulation is observed in these figures.
In the following parts, effects of the foundation properties on the stationary responses are investigated. Figure 6 illustrates influence of the power order of the stiffness on the stationary probability amplitude. It is seen that for larger powers we get more concentrated probability function around a smaller value of amplitude.
The effect of fractional order derivative on stationary probability amplitude is illustrated in Figure 7 . It can be seen that the fractional derivative order has a remarkable effect on the responses. It acts similar to the power order of the stiffness; i.e., larger fractional order gives a more condensed probability function centered in smaller amplitudes. Figure 8 shows variation of the amplitude probability function for four different values of fractional damping coefficient. It is observed that having smaller fractional damping coefficient gives a broadly spread probability. It is also seen that the sensitivity of the system is quite higher with respect to this parameter at large values of fractional damping. Figure 9 illustrates the effect of nonlinear damping coefficient 2 on the stationary probability density of the amplitude. It is seen that sensitivity of the responses with respect 2 decreases at high values of the nonlinear damping.
Variation of the expected value versus the fractional order derivative is illustrated for = 1 and = 3 in Figure 10 . It is seen that the expected value decreases with increasing and its decreasing rate enhances as increases. It is also seen that the sensitivity with respect to is higher when = 1. 
Conclusions
A straightforward and closed-form solution was proposed for nonlinear vibration analysis of a supported plate subjected to stochastic excitation. The support was modeled by a generalized form of stiffness and damping with fractional properties. Generalized harmonic function in conjunction with the stochastic averaging method was used to extract the averaged Itô and FPK's equation. Validity of the solution procedure was numerically verified by use of Monte-Carlo simulation. It was shown that the stationary probability density function of the responses is remarkably influenced by the fractional parameters. This means that instead of changing the stiffness and damping of the foundation which is costly and hard to implement, designers can use a fractional layer. Similar to the order of foundation stiffness, it was found that larger fractional order corresponds to more condensed probability function and to smaller amplitudes. It was proved that the fractional damping coefficient acts similar to the nonlinear damping but with an extra benefit. Having more sensitivity at high fractional damping reduces the risk of saturation at high material damping. It was also shown that for a linear foundation we can have desirable sensitivity with respect to fractional order so that instead of adding extra nonlinear damping we can employ a material with a larger fractional order.
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